
Fourier Analysis Jan 27 , 2022 .

Review

• Convolutions
.

Let f
, g be integrable on the circle

,

f-* ga , = ÷ [¥ fly) - ga- b) dy
,

✗ c- E-it, -111
.

• f- * g is cts on the circle

• f*^g ( n) = f^Cn) 97m
,

n c- Z
.

Example 1 . Let encx ) : = ein "
y

Then for every integrable f- on the circle

en# f- a) = f^cn)ein×
.

Check :
en * fax, = ¥, f,

"

ein"-91 f-( y ) dy
= ein . ¥, fit f- (g) e-"

"Yay
= §cn1ein×

.



N

Example 2 .
Let Gox )= In,

Cne
""
?

N

Then of# fan = Icn.fm#fcxi)h---N=-Ecnf7nieinx
•

h=-N

In particular , letting qcxi-D.mx )= É ein
n= -N

(the N-th Dirichlet kernel )
,

we have

g*fc×i= É foie "" = Snifcxl
.n= -N

f '

82.4
.

A Convergence -1hm for good kernels
"

.

Def . A good kernel on the circle is a sequence

{ kn }n=Y of integrable functions on the circle

satisfying the following 3 properties :



IT

µ , 2¥ Kncxidx = 1 for all ne AT
.

-IT

⇐ I 7- a constant M > o such that

f-¥ / Kncx ) / dx e M for all n c- IN'

(3) f 0<8 < IT
,

f lkncxildx → o as n→w
.

84×1<17

-1hm 1
.
Let { kn }n! , be a good kernel on the circle

Let f be integrable on the circle
.

Then

Iim kn# fan = fan
n→w

provided f is cts at x
.

Moreover if

f is cts on the circle
,
then

kn# fan I fix , on the circle

as n -2 is
.



proof . Suppose f is cts at x
.

Let E > 0
.

Then we can pick 8>0 such that

ffcx -y ) - fails E for all tusks .

Notice that

kn# fan - fan = ¥f Kncylfcx-g) dx

- ¥, f- Knob - faddy
( here we used ¥ f-Fi Knly)dY =L )

.

= ¥fÉ kncslffcx- y ) - fan ) dy
Hence

I kn# fun - fan / £¥fÉ" / Knish . / fcx-y ) - fan / dy

= ¥ f 1km411 /

fcx-yl-f.cn/dy8slYkT1lKnCs1/./fcx-y)-fcxs/dy
+ ¥ Styles

§ ¥-5 1 Knobbly 1- ¥ f lkncsildy
£14k -11 IYKS

( B := sup 1ft )



⇐ ¥5 lknl"H9
+ ÷

,
• M

SAKTI

S 2X im ) when n is large enough

Hence kn # fan → fan as n→o
.

By modifying the above argument slightly, we can show that

if f is cts on
,

the circle

then the above convergence is Uniform on the circle
.

1¥

• An example of good kernels
- Fejer Kernel

Set for N= 1,2, 3,4, ' - '

sin-1¥Fµ(x ) : = ¥-
,

✗ C- Fit, -111
.

sin
-

1-

We call ( FN ) the Fejer Kernel .

\



• Fµ(x ) = Do(×HDi(×¥'"tDny

( where Dna , = I
eim )MHK

"

( i - %→ein×= I
-

h= -N

• (FN)n; is a good kernel
.

Tl

check : ① ¥f
,
Fmcxidx

= ¥, ⇐ DOAH.ie#d-1dx
N- I

= ÷ Éo¥ Didxidx

( ¥fe"×d×={ ois-n.toI ifn=o
=p )

② Since FNCXIZO
,

f-Fi /Fna, / dx = 21T for all n .



③ Forgiven 068<-11
, if 8<1×1 < IT

,

FµCxi= ¥ sin2¥_
sin
-

¥

f ¥ 1- → o as N→w

Sinise

"

J / Fma, / die 217° ¥ 's,¥£
84×1517 → o as N→w

.


